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1 Introduction 

Measures of noncompactness were first introduced and later on applied in fixed 
point theory by Kuratowski [11] and Darbo [8]. Hausdorff measure of noncom¬ 
pactness was introduced by Goldenstem et. al and later on it was studied in 
broad sense by Eberhard Malkowsky et al. [5], Eeyzi Basar et al. [7], Eberhard 
Malkowsky and Ekrem Savas [6], Mohammed Mursaleen et al. [12,13] and many 
others. Some identities or estimations for the operator norms and the Hausdorff 
measures of noncompactness of certain matrix operators on some sequence spaces 
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were studied and estalished. 


An important application of the Hausdorff measure of noncompactness of 
bounded linear operators between Banach spaces is the characterization of com¬ 
pact matrix transformations between BK spaces. W.L.C. Sargent proved that 
the characterizations of compact matrix operators between the classical sequence 
spaces in almost all cases. 

Let S and M be subsets of a metric space (X, d) and if for £ > 0 and for every 
X G M there exists s G S such that d{x, s) < £, then S is called an £-net of M in X. 

Let be a collection of all bounded subsets of a metric space (X,d). The 
Hausdorff measure of non compactness of the set Q, denoted by y(Q), is defined 
by, xiQ) = inf{£ > 0 : Q has a finite £ - net in X}, where Q G ^x- The function 
X '■ -y^x [0, oo) is called the Hausdorff measure of noncompactness. 

If Q, Qi and Q 2 are bounded subsets of a metric space (X, d), then [see Malkowsky 

[5]), 

XiQ) = 0 if and only if Q is totally bounded, 

Qi c Q 2 implies x{Qi) < XiQi)- 

Further, the function x has some additional properties connected with the 
linear structure, e.g. 

xiQi + Qi) ^ /liCQi) + xiQi), 
x{aQ) = \a\x{Q), for all a e C. 

Let X and Y be Banach spaces and L G B(X, Y). Then, the Hausdorff measure 
of noncompactness of L, denoted by ||L1|;^., can be defined by, 

IILIl;, = y(L(Sx)) = x{L(Bx)) (1) 

and we have, 

L is compact if and only if ||L||^ = 0. (2) 
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2 Some preliminary concepts 


By a lacunary sequence, we mean an increasing integer sequence 6 = (fc,) such 
that ko = 0 and hr = ky - ky-i — > oo as r — > oo, where the intervals determined by 0 
will be denoted by /, = and the ratio ^ is defined by (/),. 


For any lacunary sequence 9 = (ky), the space Ne is defined as, (Freedman et 
al. [2]) 

^0 = t (Xk) • lina h~^ ^ \Xk - L| = 0, for some L I. 

[ kejr j 

The space Ne is a BK space with the norm. 


||(X)c)||e = suph/Y^\xk\. 

'■ ke]r 

An Orlicz function is defined as a function M : [0, oo) —> [0, oo), which is 
continuous, non-decreasing and convex with M(0) = 0, M{x) > 0, for x > 0 and 
M{x) ^ oo, as X ^ oo. 


The idea of Orlicz function was used to construct the sequence space, [see 
Lindenstrauss and Tzafriri [10] 


’-M 


^ (Xk) ew'.y^M < oo for some p > o] 

\p I 


which is a Banach space with the norm, called as Orlicz sequence space. 



The difference sequence spaces ^oo(A),c(A) and Co(A) of crisp sets are defined 
as Z(A) = jx = (Xk) : (Axjt) G Z}, for Z = c and Cq, where Ax = (Ax^) = (x^ - Xjt+i), 
for all G N, which can be a Banach space with ||x||a = |xi| -i- sup \A.Xk\. 

k 

The generalized difference sequence spaces are defined as, for m >1 and n > 1, 


Z{A’J = {x = (Xfc): (A^Xfc) G Z}, for Z = C,c and Cq. 
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Let X is any subset of w, then a matrix domain of an infinite matrix A in X is 
defined by, = {x e w : Ax e X}. If x D (/) is a BX-space and a = G w, then we 
define. 


ll«llx = sup 

xeSx 


^kXk 

k=0 


(3) 


3 The difference sequence spaces Cq(M, A, s, 0), c^{M, A, s, 0) 
and ^i(M, A, s, 0) 


Consider A = (Ai:)^g to be a strictly increasing sequence of positive reals such that 
Ajc —> cx) as > cx). We define the infinite matrix A = by. 



(A~A-i)~(A+i~0 ■ 

An ' 

An~An-l , 

An ' 


{k < n), 
{k = n), 


0; {k > n), 


(4) 


where, we shall use the convention that any term with a negative subscript 
is equal to zero. Mursaleen and Noman [13] introduced the difference sequence 
spaces Cp(A) and ^^(A) as the matrix domains of the triangle A in the spaces Cq 
and respectively 


In this paper, we study the sequence spaces Cg(M,A,s, 0), c'^(M, A,s, 0) and 
^^(M, A,s, 0) and try to estimate for the operator norms and the Hausdorff mea¬ 
sures of noncompactness of certain operators on these spaces. The spaces Cg (M, A, s, 0), 
c^{M, A, s, 0) and ^^(M, A, s, 0) are BK-spaces with the norm given by. 


ll^llri(MAs,e) “ I AWIIacmaS) 


I k=l 


p 


JJ 


(5) 


The jS-duals of a subset X of w are respectively defined by, 

= {a = (fljc) & w : ax = (ukXk) e cs, for all x = (xjt) e Xj 

Lemma 3.1. Let X denote any of the spaces Cg (M, A, s, 0) or i^{M, A, s, 0). Then, 
we have. 
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( 6 ) 


\\a\\e, = kl 


< oo 


k=0 


for all a = (uk) e X^, where. 


Uk — A]c 


Uk 


+ 


E 


A)c - A/c-i V Ajt - A)t-i A)t+i - Afc / ^ 

Proof: Let Y be the respective one of the spaces Cq or . 


■AkeN) 


(7) 


Assume a = {uk) e and y = A(x) be the associated sequence defined by. 


Vk = 


/V 

E 

i=o 


, A, , 


{Xf - x;_i); {k e N). 


( 8 ) 


Taking y = A(x) as the associated sequence, we have a = (Uk) e such that for 
every x = (Xk) e X, 


UkXk = 2], ‘^kyk, (9) 

k=0 k=0 

Since x G Sx it and only it y G Sy, (followed by (7)), we can derive that, (by (1) 
and (9)) 



= ll«lly 

It is known that ||.||^ = ||.|lx/i on X^, where ||.||x/3 denotes the natural norm on 
the dual space X^ and X = Cq, c, or £p{l <p< oo). 


So if fl G we obtain that \\a\\*^ = \\a\\*y = \\a\\{^ < oo, which concludes the proof. 
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Let A = (a„ic) be an infinite matrix and A = (a„k) is the associated matrix defined 


by. 


^nk ~ 


Q-nk 


+ 


^k-^k-1 VAfc-Ajc_i 



( 10 ) 


Lemma 3.2. Let X be any of the spaces Cp(M, A,s, 6) or ^^(M, A)and Z be a se¬ 
quence space.. If A G (X,Z), then A G {Y,Z) such that Ax = Ay for all sequences 
X G X and y e L, here Y is the respective one of the spaces Cq or 


Proof. Suppose that A G (X,Z). 


For any sequence x = (xjt) G w and the associated sequence y = A(x) defined 
in (8), we have. 


Xk 


y / A/y; - Ay-iyy-i 

41 a,-a,_, 


;(/cgN). 


( 11 ) 


Then, An s X^ for all n e N. Also, A„ G = Y^ for all n G N and the equality 
Ax = Ay, followed by equations (8), (9) and (10). Hence, Ay G Z. Further, by (11), 
we get that every y G Y is the associated sequence of some x G X. Thus, it can be 
deduced that A G (Y, Z), which completes the proof. 


Lemma 3.3. Let X be any of the spaces Cq(M, A, s, 0) or i^{M, A, s, 0), A = 
an infinite matrix and A = (fink) the associated marix. If A is in any of the classes 
(X, Co), (X, c) or (X, O, then. 
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4 Compact operators on the spaces Cg(M,A,s,0) and 
€i(M,A,s,0) 

In this section, we are trying to establish some identities or estimates for the 
Hausdorff measures of noncompactness of certain matrix operators on the spaces 
Cq(M, A,s, 9) and £^{M,A,s, 9). Also, the results obtained by examining these se¬ 
quence spaces are applied to characterize some classes of compact operators on 
those spaces. 

Remark: 4.1. Let X denote any of the spaces Cq or If A G (X,c), then we 
have. 


ak = lim ttnk exists for every k e.N, 


a - (ak) e A/ 

^ oa \ 


sup 

n 


\^nk ^k\ 


k=0 


< oo. 


• limA„(x) 

n—>oo 


^ akXk for all x = (xk) e X 

k=0 


Theorem 4.2. Assume A = {a„k) be an infinite matrix and A = {a„k) the associ¬ 
ated matrix defined by (10). Then, we have the following results on the Hausdorff 
measures of noncompactness on the sequence spaces X = Cq (M, A, s, 9), c^{M, A, s, 9) 
or ei{M, A, s, 9). 


(a) If A G (X, Co), then. 



(b) If A G (X, c), then. 
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(13) 


< IILaII;^ < limsup 




M 


k=0 


\^nk 0^]c\ 

. P / 


V 


< 1 


where ak = lim a„k for all k eN. 


(c) If A G (X, then. 


0 < \\La\\x < lim sup 




k=0 


(14) 


Proof: Following Lemma 3.3, it can be easily proved that the expressions in 
(12) and (13) exist. 


Similarly, following Remark 4.1. and Lemma 3.2, we can deduce that the ex¬ 
pression in (15) also exists. 

Let X D (p and Y be BX-spaces. Then, we have, (X, Y) c B(X, Y), that is, every 
matrix A G (X, Y) defines an operator La e B(X, Y) by La{x) = Ax for all x G X. 


So, 


WLaWx = where S = Sx, by(l) 


(15) 


Let Pr : Co —> Cq (r G N) be the operator defined by Pr{x) = {xq, Xi, ...Xr, 0,0,..) for 
all X = (xjc) e Cq. Then, we have, for Q G ^^ 0 / 


XiQ) = lim(sup 11(7 - Pr){x)\\{J. 


xeQ 


where I is the identity operator on Cq. 

CO 

Further, every z = {z„) G c has a unique representation as z = ze -i- ^(Zn - 

n=0 

where z = lim z„. The projectors Pr: c ^ c {r e N) are obtained by. 


Pr(z) = ze + ^(z„ - z)e^”^; (r g N) 


(16) 


n=0 


for all z = (z„) G c with z = lim z„. 
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Let AS G Then, 


X{AS) = lim(sup 11(7 - Pr){A^)\\£j, (17) 

;ceS 

where Pr: Cq ^ Co(r G N). 

This implies that, 

11(7 - Pr){Ax)\\{^ = sup \A„{x)\, for all x G X and every r G N. (18) 

n>r 

For an infinite matrix A = {ank)‘^^^Q, we have the A-transform of x as the se- 

CO 

quence Ax = (A„(x))“ q, where A„(x) = ^ UnkXk, for x G w and n eN . 

k=0 

Thus, we gef, (by (3) and Lemma 3.1) 

sup 11(7 - Pr){Ax)\\{^ = sup ||A„||* g.) = sup \\A„\\e^, for every r G N. 

xeS n>r “ ' '' n>r 

Which implies that, (using above with(17)) 

y(AS) = lim(sup ||A,,||^j) = lim sup ||A„||^i. 

r->oo n^oo 

This concludes the proof of (a). 

To prove (b), let us take Q G and Pr: c ^ c {r e N)he the projector onto the 
linear span of {e, Then, we have 

1 ( \ ( 

lim sup 11(7 - P,)(x)||;„ < y(Q) < lim sup ||(7 - P,)(x)||^„ , 

where 7 is the identity operator on c. 

Since we have AS G ^c- We can get an estimate for the value of y(AS) in (15). 
For this, let Pr: c ^ c{r e N) be the projectors defined by (16). 

Then, we have for every r G N fhat. 


9 



and hence. 


CO 

{I-Pr){z)= Yj{Zn-z)e^"^ 

n=r+l 


11(7 - Pr)(z)llc = sup \Zn - Z| 


( 19 ) 


for all z = (Zn) ^ c and every r e N, where z = lim z„ and I is the identity 

n—>oo 

operator on c. 

By using (15), we obtain, 

i lim(sup 11(7 - Pr)iAx)\\fJ < \\La\\x < lim(sup ||(7 - Pr)iAx)\\fJ (20) 

2'-^“ ;ceS xeS 

On the other hand, it is given that X = Cg(M,A,s, 0) or X = £^{M,A,s,9), 
and let Y be the respective one of the spaces Cq or T’oo- Also, let y G Y be the 
associated sequence defined by (8). Since A G (X, c), we have from Lemma 3.2 
that A G (X c) and Ax = Ay. Further, we have the limits = lim Unk exist for all 


k,a = (ak) G = Y^ and lim A„(y) = / akyk- (Remark 4.1) 

n^oo 

Consequently, 


k=0 


11(7-P,)(Ax)|L = 11(7-P,)(Ay)|L 

CO 

= sup |A„(y) - 2], Uftyicl 

k=0 

CO 

= sup I 'J^iUnk - ak)ykl tor all r G N (by (21)). 


k=0 


Moreover, since x G S = Sx it and only it y G Sy, we get. 


sup 11(7 - Pr){Ax)\\f^ = sup 

xeS n>r 

= sup||A„n||y 


sup I Y^ia„k - ak)yk 
k=o 
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= sup||A„a;||^j 

n>r 

for all r eN. 

This concludes the proof. 

Finally, to prove (c), let us define the operators P, : > ico{r G N) as in the 

proof of part (a) for all x = (Xk) G ioo- Then, we have, 

AS c Pr{AS) + {I- Pr){AS); {r G N). 

Thus, following the elementary properties of the function y, we have, 

0 < x{AS) < xiPriAS)) + x((I - PrKAS)) 

= X((I - Pr)(AS)) 

< sup 11(7-P,)(Ax)||^^ 

xeS 

= sup ||A„||;j, for all r eN. 

n>r 

Hence, 

0 < x{AS) < lim(sup ||A„||^j) 

n>r 

= limsup||A„||fj. 

n—>oo 

Combining this together with (15), imply (14) ,which completes the proof. 

Corollary 4.3. Let X denote any of the spaces Cq(M, A,s, 0) or £^{M,A,s,0). 
Then, we have, 

(a) If A G (X, Co), then. 
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(b) If A G (X, c), then. 



ak = lim ttnk for all k eN. 


n^oo 


= 0 where 


(c) If A G (X, £oo), then. 


La is compact if lim 


inf < p > 0 : lim 




Sk p 

<1 


0 . 


5 Some applications 

By applying the previous results, in this section, we are trying to establish 
some identities or estimates for the operator norms and the Hausdorff mea¬ 
sure of non-compactness of certain matrix operators that map any of the spaces 
Cq (M, A, s, 9), c^{M, A, s, 9) and s, 9) into the matrix domains of triangles in 

the spaces Cq, c and L^o- Further, we deduce the necessary and sufficient conditions 
for such operators to be compact. 


Lemma 5.1. Let T be a triangle. Then, we have, 

• For arbitrary subsets X and Y of w, A G (X, Yj) if and only if B = TA G (X, Y). 

• Further, if X and Y are BK spaces and A G (X, Yj), then \\La\\ = \\Lb\\. 
Throughout, we assume that A = {Unk) is an infinite matrix and T = {t„k) is a 

n 

triangle, and we define the matrix B = {b„k) by b„k = ^ tnmnm9 (^/ ^ s N), that is 

m=0 

B = TA and hence. 


n / n 

Bfi — inniAm — I tnm^mk / (T ^ 
m=0 \m=0 'k=0 

Consider A = {a„k) and B = {b„k) be the associated matrices of A and B, 
respectively. Then it can easily be seen that. 
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II 

bnk ~ tfiffiUfuk/ (P-/k G Af). 


m=0 


n / 

HgRCG, Bfj — tnm-^m ~ ^nm^mk / (P- ^ 


m=0 


km=0 


'k=0 


Moreover, we define the sequence a = by. 


Clk 


lim y tnm^mk 

n^oo 


<m=0 


■{keN) 


provided the above limits exist for all G N which is the case whenever 
A G (Cg (M, A, s, 0), Ct) or a g {£^{M, A, s, 0), Cj) by lemmas 5.1,3.2 and Remark 4.1. 

Now using the above results, we have the following results: 


Theorem 5.2. Let X be any of the spaces Cq(M, A,s, 0) or i^(M, A,s,d), T a 
traingle and A an infinite matrix. If A is in any of the classes (X, (co)t), (X, Cj) or 
(X, (Or), then 


llbAll = I|A||(X,(^„)P = sup i inf 

n I 


^ n 


M 


\tnm^mk\ 

. P > 




< 1 


< OO. 


k=0 \m=0 ' 

Theorem 5.3. Let T be a triangle. If either A G A,s0), (co)t) or A g 

(^^(M, A,s, 0), Ct) then La is compact. 


Theorem 5.4. Let T be a triangle. Then, we have, 
1. If A G (c^(M, A, s, 0), (co)t), then. 


IILaII;,: = lim sup i inf 

n—^oo I 




k=0 


m=0 


< 1 


and La is compact if and only if 


lim < inf 

n—>oo 


p 




k=0 


m=0 


\tnm^mk\ 

. P y 


V 


< 1 


= 0 . 
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2. If A G (c^(M, A, s, 9), Ct), then 


lim sup -j inf 

n—>oo I 


< \\La\\x ^ lim sup < inf 

n^co I 




1 

r h 
( 


\inm^mk ^k\ 


\^k 


k=0 \m=0 

r hr 


P 


< 1 


p>0'itarL L' 


M 


k=0 \m=0 


\tnm^mk ‘ 

. P 




< 1 


and La is compact if and only if 


lim < inf 

n—>oo 


p>0:irrLL 


M 


k=0 \tn=0 


\tnm^mk ^k\ 

. P 


\^k 


< 1 


0 . 


3. If either A G A, s, 6), {Loo)t) or A g A, s, 0), (^oo)t)/ then 


0 < ||L/i||;j. < lim sup < inf 

n—>(x> I 

and La is compact if 


P 


>0:H.iEE- 

k=0 m=0 ' 


> P / 




< 1 


lim < inf 

n—>oo 


1 

p > 0 : lim — 7 

^ r hr ^ 


k=Q 


m=0 ' 


. P > 


\ 


< 1 


Particular cases: Let A' = be a strictly increasing sequence of positive 

reals tending to infinity and A' = (A^^) be the triangle defined by (4), with the 
sequence A' instead of A. Also, let Cq{M, A, s, 0), c^'{M, A,s, 0) and L^{M, A, s, 0) be 
the matrix domains of the triangle A' in the spaces Cq, c and ^oo respectively 

Particular Case 5.5. Let X be any of the spaces Cg (M, A, s, 0) or L^{M, A, s, 0) and 
A an infinite matrix. If A is in any of the classes (X, Cq{M, A, s, 0)), (X, c^'{M, A, s, 0)) 
or (X, (M, A, s, 0)), then 


II^aII = l|A|l(x/i'(M.AAe)) = supjinf 


^ CO n 

inf P>0:lim-2;^ 


M 


I A„^flmA:l 
> P y 


\S]c 


< 1 


fc =0 | m =0 

Particular Case 5.6. If either A G (P^(M, A, s, 0), Cq{M, A, s, 0)) or A G (P^(M, A, s, 0), c^'{M, A, s, 0)), 
then La is compact. 
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Similarly, we get some identities or estimates for the Hausdorff measures of 
noncompactness of operators givenby matrices in the classes (c^ (M, A, s, 6), Cq{M, A, s, 9)), (Cg (M, A, s, 6), 
and A, s, 6), A, s, 0)),and deduce the necessary and suffucient (or only 

sufficient) conditions for such operators to be compact. 

Let bs,cs and csq be the spaces of all sequences associated with bounded, 
convergent and null series,respectively Then, we have the following results as¬ 
sociated with the these sequence spaces. 

Corollary 5.7. Let X be any of the spaces Cg(M, A,s, 9) or £^{M,A,s, 9) and A 
an infinite matrix. If A is in any of the classes (X, csq), (X, cs) or (X, bs), then. 


Ilf^All = l|A||(x,fe) = supjinf 


P 


^ k=0 m=0 ' ' ^ 




< 1 


< oo 


Corollary 5.8. If either A G (^^(M, A, s, 9), csq) or A g A, s, 9), cs),then La 

is compact. 

Corollary 5.9. We have 


1. If A G (Cg (M, A, s, 9), csq), then 


\\La\\x = limsupiinf 

n—>oo I 


p > 0 : lim , 

r h 


rrlLf-f 


Wmkl 


\ 


^ k=0 \m=0 ^ \ P 


< 1 


and La is compact if and only if 


lim < inf 

n^oo 


P 




< 1 


2. If A G (Cg (M, A, s, 0), cs), then 


lim sup < inf 

n—>oo I 


^ n 

k=0 m=0 


M 


Wmk ^k\ 

. P y 


k ^k 


< 1 
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< \\La\\x ^ liiTi sup < inf 

n—>oo I 


I.' 


k=0 m=0 ' 


\^mk ^k\ 

. P y 


vSfc 


< 1 


and La is compact if and only if 


lim < inf 

M—>oo 


1 


«:=0 


M 


m=0 


l^mfc ^/:l 

. P y 


V Sfc 


< 1 


0 , 


n 

where = lim( / Umk) for all k e N. 

n—>oo 


m=0 


3. If either A e (c^(M, A, s, 0), &s) or A G (L^(M, A, s, 6), bs), then 


0 < \\La\\x < lim sup < inf 

f7—>oo I 

and La is compact if 




k=0 


m=0 


P 


< 1 


lim < inf 

n^oo 


.>o^-y^E|E(M^)r 


< 1 
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